A homotopy theoretic description is given for trivial unit conjecture in the group ring ZG.
Introduction
Let G be a torsion-free group and ZG the integral group ring. The trivial unit conjecture for G says that any invertible element (unit) of ZG is of the form ±g for some g ∈ G (cf. [Pa] , Chapter 13). For solving such a conjecture, to the author's knowledge, almost all the approaches used are algebraic (cf. [Cp] and references therein). In this note, we give a homotopy theoretic description of such a conjecture.
Let X be a CW complex with fundamental group π 1 (X) = G. For any integer d ≥ 2 and map f :
In this note, the following homotopy theoretic characterization is obtained:
Theorem 1 Let G be a torsion-free group. The trivial unit conjecture for G is true if and only if for an Eilenberg-Mac Lane space X = BG, the element All modules considered in this note are left modules. LetỸ f be the universal covering space of Y f and C i (Ỹ f ) the i-th term of the cellular chain complex ofỸ f . By definition, C i (Ỹ f ) is a free ZG-module spanned by the set of all i-cells. For the inclusion i f : X → Y f , we have a cellular mapĩ f : X →Ỹ f which lifts i f . As the map i f induces the identity homomorphism on fundamental groups of X and Y f , we may assume thatX is a subspace
This is a chain complex whose terms are all vanishing except for the dth term a free ZG-module spanned by S d and the (d + 1)-th term a free ZG-module spanned by e d+1 . Let γ f = ∂(1) ∈ ZG, the unique element determined by the boundary map ∂. We give a homotopy theoretic description of units in ZG as follows.
Lemma 2 Let γ f ∈ ZG be the element defined above. Then γ f is an invertible element if and only if the inclusion i f : X ֒→ Y f is a homotopy equivalence.
Proof. All the notations used in this proof are the same as defined before.
Suppose that γ f = ∂(1) is an invertible element in ZG. Then ∂ is both injective and surjective, which shows the relative chain complex C * (Ỹ f ,X) is acyclic. This implies thatĩ f induces an isomorphism between the homology groups H i (X) and H i (Ỹ f ) for each i ≥ 0. SinceX andỸ f are both simply connected,ĩ f :X →Ỹ f is a homotopy equivalence. Since i f induces the identity homomorphism on fundamental groups, this shows that i f : X → Y f is a homotopy equivalence by the Whitehead theorem. Conversely, suppose that i f : X → Y f is a homotopy equivalence. Theñ ı f :X →Ỹ f is a homotopy equivalence, which implies that the relative chain complex C * (Ỹ f ,X) is acyclic. This implies that γ f = ∂(1) has a left inverse. It is a well-known fact that in the integral group ring of a torsion-free group, one-sided invertible element is also two-sided invertible (cf. Corollary 1.9 from [Pa] , p.38). This finishes the proof.
Proof of Theorem 1. Let X = BG, the classifying space of G. Suppose that the trivial unit conjecture for G is true. For an integer d ≥ 2 and a map f :
has its inclusion i f : X → Y f a homotopy equivalence. By Lemma 2, the element γ f is a unit. Therefore, γ f = ±g for some element g ∈ G. As the d-th and (d + 1)-th terms of the relative chain complex are free ZG-modules, we can view them as submodules of C i (Ỹ ) (i = d, d + 1 resp.). SinceX is a free G-CW complex and S d is simply connected, the universal covering space X ∨ S d could be taken as the push out the following diagram
Since X = BG is aspherical,X is contractible. This implies that there is a homotopy equivalenceX 
Thisf actually determines the (d+1)-th boundary map in the chain complex ofỸ f . By the definition of the boundary map ∂, the degree of the composition
is zero when h = g or ±1 when h = g. Therefore,f is homotopic to some map g whose image occupies only the g-component
Conversely, suppose that γ is a nontrivial invertible element in ZG. We will construct some map f γ :
is not vanishing for any lifting of S d . Assume that γ = a g g for g ∈ G and a g ∈ Z. As in the first part of this proof, the universal covering space
as a cellular map such that the degree of the composition
is a h for each h ∈ G. Denote by
the unique G-equivariant map determined byf γ . Note that φ γ is a Gequivariant between two free G-CW complexes. Passing to the quotient space, we get a map f γ :
as the push out of the following diagram
This G-CW complex Y γ is actually the universal cover of Y γ :=Ỹ γ /G (for more details on the construction, see the proof of Lemma 2.2 in [Lu1] or p.371 in [Lu2] ). According to Lemma 2, the inclusion i f : X → Y γ is a homotopy equivalence, since γ is a unit. Let i g : Remark 3 For zero divisor conjecture in ZG, some necessary conditions of homotopy descriptions are given in [Iv] and [Le] .
